BIHARMONIC MAPS INTO COMPACT LIE GROUPS 
AND THE INTEGRABLE SYSTEMS 



HAJIME URAKAWA 



Abstract. In this paper, the reduction of biharmonic map equa- 
tion in terms of the Maurer-Cartan form for all smooth map of an 
arbitrary compact Riemannian manifold into a compact Lie group 
(G, h) with bi-invariant Riemannian metric h is obtained. By this 
formula, all biharmonic curves into compaqct Lie groups are de- 
termined, and all the biharmonic maps of an open domain of R 2 
with the conformal metric of the standard Riemannian metric into 
(G, h) are determined. 



1. Introduction and statement of results. 

The theory of harmonic maps into Lie groups, symmetric spaces or 
homogeneous spaces has been extensively studied related to the inte- 
grable systems by many mathematicians (for examples, [6], [7], [3], [2]). 
In this paper, we want to build a bridge between the theory of bihar- 
monic maps into Lie groups and the integrable systems extending the 
above harmonic map theory. 

Acknowledgement: The author expresses his gratitude to Prof. J. 
Inoguchi who gave many useful suggestions and Prof. A. Kasue for his 
financial support during the preparation of this paper . 

2. Preliminaries. 

In this section, we prepare general materials and facts harmonic 
maps, biharmonic maps into compact Lie groups (cf. [5]). 

Let (M, g) be an m dimensional compact Riemannian manifold, and 
G be an n dimensional compact Lie group with Lie algebra g, and h, 
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2 HAJIME URAKAWA 

the bi-invariant Riemannian metric on G corresponding to the Ad(G)- 
invariant inner product ( , ) on q. 

The energy functional on the space C°°(M, G) of all C°° maps of M 
into G is defined by 

ew) = \I \m 2 v g , 

l JM 

and for a C°° one parameter deformation ip t e C°°(M, G) (— e < t < e) 
of with — V*) ^e /irst variation formula is given by 



EW) = -f (rW,V)v g , 

where is a variation vector field along -0 defined by 1/ = ^ 

which belongs to the space Fty^TG) of sections of the induced bundle 
of the tangent bundle TG by ip. The tension field r{ip) is defined by 

m 
i=l 

where 

z?(V0(x,y) = v^ w #(y) - #(v*y) 

for 1,7 6 X(M). Here, V, and V ft , are the Levi-Civita connections 
of (M,g) and (G,h), respectively. For a harmonic map if) : (M,g) — > 
(G, /i), the second variation formula of the energy functional E(ip) is 

where 

J(V) = AV-7Z(V), 

m 

AV = V* w = - £{v ei (v e v) - Vv^}, 

1=1 

7^(y) = x;^ h (v;^(e i ))#(e i ). 

1=1 

Here, V is the induced connection on the induced bundle ip~ 1 TG, 
and is is the curvature tensor of (G,h) given by R h (U,V)W = 
[V^Vir}W-Vf uy] W (U,V,WeX(G)). 
The bienergy functional is defined by 

m) = \ f \\{d+5fn 2 v 9 = \ f \r(n 2 v 9 , (2.2) 
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and the first variation formula of the bienergy is given (cf. [4]) by 
d 



alt 



t=o 



E 2 (A) = - I (T2W,V)v g (2.3) 

J M 



where the bitension field T 2 (ip) is defined by 

r 2 (V0 = J(r(V0) = Ar(V) - H{tW)), (2.4) 
and a C°° map ip : (M, g) — > (G, /i) is called to be biharmonic if 

r 2 (V0 = 0. (2.5) 

3. Determination of the bitension field 

Now, let 9 be the Maurer-Cartan form on G, i.e., a q- valued left 
invariant 1-form on G which is defined by y (Z y ) = Z, (y G G, Z G £)). 
For every C°° map -0 of (M,g) into (G,/i), let us consider a g- valued 
1-form a on M given by a = ^*(9. Then, it is well known (see for 
example, [2]) that 

Lemma 3.1. For every C°° map ip : (M,g) — > (G, /i) ; 

0(t(VO) = -6a (3.1) 

where a = ip*6, and 6 is the Maurer-Cartan form of G. 

Thus, ip : (M,g) — > (G, h) is harmonic if and only if 5a = 0. 

Furthemore, let {X s }™ =1 be an orthonormal basis of g with respect 
to the inner product ( , ). Then, for every V G T(ip~ 1 TG), 

n 

i=i 

n 

0{V){x) = h ix) (V(x),X sHx) ) X s G , (3.2) 
i=i 

for all x G M. Then, for every X G X(M), 

n 

0{V x V) = J2 h (VxV,X s )X s 

s=l 
n 

= J2{x h(V, X a ) X s - h(V, V X X S )}X S 

s=l 

n 

= X(9(V)) -J2HV,V X X S )X S , (3.3) 



s=l 
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where we regarded a vector field Y G X(G) to be an element in r _1 (TG) 
by 

= y(i/j(x)), (xeM), 

and we useed the compatibility condition: 

xh(v,w) = h(V x v,w) + h(v,V x w), (v, w g r(^ _1 TG)), 

for all X G £(M). 

For every X G £(M), the differential of V 7 ; ip*X G r(ip~ 1 TG) which 
is given by ip*X x G T^^G (x G M), can be written as 

n 

ip*X x = Y^K$* X x, X t ^ x) )X t ^ {x) , (x G M), 
t=i 

which yields that 

n 

(V X X S ) X = ]T K^X X , X mx) ) (V h Xt X s ) Hx) (3.4) 
t=i 

for all x G M. 

Here, let us recall that the Levi-Civita connection V h of (G, h) is 
given (cf. [5] Vol. II, p. 201, Theorem 3.3) by 

1 1 n 

V h Xt X s = -[X t ,X s ] = -Y / C i ts X e , (3.5) 

z z i=\ 

where the structure constant C[ s of g is defined by 

n 

[X t , X s ] = X e , 
e=i 

and satisfies that 

Cts = ([Xt, X s ],Xg) 
= -(X„[X t ,X e ]) 

= -C s u . (3.6) 



BIHARMONIC MAPS INTO COMPACT LIE GROUPS 



Thus, we have by (3.4) and (3.5), 

1 
2 



n i n / n \ 

Y,Kv,V x x a )x 8 = - ]T h [v,J2H^x,x t )c e ts xA x s 



s,t=l \ l=\ / 

1 n 

z s ,M=i 

= E W x i) H^**, x t) [*t, M 

1 t,e=i 



1 

2 



i=l 



because we have 



-i [a(X),^(V)], (3.7) 



a(X) = (V*0)PO 

= 0(4>*x) 



e^ph(^x,x t )x t J 

n 

J2H^X,X t )X t , (3.8) 



t=i 



and 



£=1 

n 



= 5>(\/,X,)X £ . (3.9) 

£=1 

Substituting (3.8) and (3.9) into the above, we have the last equality 
of (3.7). 

Therefore, we obtain the following lemma together with (3.7) and 
(3.3). 

Lemma 3.2. For every C°° map ip : (M,g) — > (G,h), 

d{V x V) = X(6(V)) + 1 [a(X), 0(V)], (3.10) 
w/iere V G r(^ _1 TG) and X G X(M). 

□ 

We show 
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Theorem 3.3. For every tp G C°°(M, G), we have 

9(T 2 (i>)) = e(j(T(m 

= — SdSa — Trace 9 ([o:, d5a]), (3-11) 

where a = ifj*9. 



Here, let us recall the definition: 

Definition 3.4. For two Q-valued 1-forms a and (3 on M , we define 
Q-valued symmetric 2-tensor [a, (3] on M by 

[a,P](X,Y) :=±{[a(X),P(Y)] - \J3(X), a(Y)}} , (X,Y G X(M)) 
A (3.12) 

and its trace Trace 9 ([o:, 0\) by 

m 

Trace^a,/?]) := £>, /3](e i; e,). (3.13) 
i=i 

PFe also use a Q-valued 2-form [a A f3] on M by 

[aAP](X,Y) :=±{[a(X),P(Y)] - [a(Y), (3(X)}} , (1,7 6 X(M)). 

2 (3.14) 

Then, we have imediately by Theorem 3.3, 

Corollary 3.5. For every ip G C°°(M, G), we have 

(1) if; : (M,g) — > (G, /i) zs harmonic if and only if 

5a = 0. (3.15) 

(2) -0 : (M , <?) — > (G, /i) zs biharmonic if and only if 

5dd~a + Trace g ([a, d<5a]) = 0. (3.16) 



We give a proof of Theorem 3.3. 
Proof. (The first step) We first show that, for all V G F^TG), 
d(AV) = A g 9(V) 

-^{^(^lem + WeJ^eMV))] 



i=i 



+ ±[a(e i ),[a(e i ),0(V)]] 



^KV e ,e,),W]}, (3.17) 
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where {ei} 7 ^ =l is a locally defined orthonormal frame field on (M,g), 
and A g is the (positive) Laplacian of (M,g) acting on C°°(M). 
Indeed, we have by using Lemma 3.2 twice, 

m 

o(£v) = -E {^(v ei (v ei y)) - e(v Veiei v)} 

m r — 1 

= -£ e^(V e ,y)) + -[a(eJ^(V ei y)] 
i=i k z 

-V ei e,(^))-i[a(V ei e,),^)] 



i=i 



a(e i ),e i (0(y)) + -[a(e i ),0(y)] 



+ 



m 

1=1 

- E {^([a(eO, WD + ±[a(eO, e^(F))] 



i=i 



+ -[a(c i ),[a(e i ),6>(V)]] 
-i[a(V et e,),^(\/)] 



(3.18) 



Here, we have 

<*([(!((*), 6(V)]) = [e t (a(ei)),0(V)] + [afe), ^(V))], 
which we substitute into (3.18), and by definition of A g , we have (3.17). 
(The second step) On the other hand, we have to consider 



1=1 



(3.19) 



Under the identification T e G 9 Z e <-> Z e Q, we have 

^9^ )< ie«-«(e I )e0, (3.20) 

(3.21) 



respectively. 
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Because, we have 



L Jx)*Tp* e i = Yl MV^;, X si,{x)) X s 



ip(x) 

i=l 



and 



a(ei) = if)*9(ei) 



s=l 
n 

s=l 



which implies that (3.20). By the same way, we have (3.21). 

Under this identification, the curvature tensor (G, h) is given as 
Kobayashi-Nomizu ([5], pp. 203-204)), 



R h (X,Y) e = ~ad([X,Y]) (1,7 6 g), 



and then, we have 



(m \ i m 

- £ R h (V, M)Aei )=jT, WV), a(e t )} , afe)] 
i=i J 4 i=i 

i m 

4 i=i (3 
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(The third step) By (3.17) and (3.22), for V E T(tp~ 1 TG), we have 
(AV -p^R h (V,^ ei )^e^ 

= A a e(v) 
1, 



- E « fe(a(ei))> 6<y)\ + Hed^MV))} 
i=i LZ 

+ l[a(e i ),[a(e i ),e(V)\] 



--[a(V eiei ),9(V)} 

-i m 

+ -J2[a(e i ),[a(ei),0(V)}} 



i=i 



1 



z 1=1 



i=l 



+ -J2HV et e i ),6(V)] 
z i=i 



= A 5 0(IO - - 



^(e,(a(e,))-«(V ei e,))^(y) 



i=l 



i=i 



A^(F) + + £[a(e i ),e i (0(V))]. 

z i=i 



(3.23) 



(The forth step) For V = r(ip) in (3.23), since 0(t(V>)) = -6a, we 
have 

W))) = A 9 (^)) + ^5a,0(^))] 

m 



-A g Sa - -[5a, 5a] - ^[ai(ej), e^Sa)] 
1 i=i 



= -A 9 5a - E[«( e i)' e i(6a)} 
i=i 

m 

= A g 5a - E[ a ( e *)> d5a(ei)}. 



(3.24) 



i=l 
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Then, (3.24) implies the desired (3.11). 



□ 



4. BlHARMONIC MAPS FROM R INTO COMPACT LlE GROUPS 

In this section, we consider the simplest case: the standard 1-dimensional 
Euclidean space, (M,g) = (R,go) and (G,h), an n- dimensional com- 
pact Lie group with the bi-invariant Riemannian metric h. 



4.1 First, let ip : R 3 t ^ ^(t) G (G, h), a C°° curve in G. Then, 
a := tfj*6 is a g-valued 1-form on R. So, a can be written at t G R as 

a t = F(t)dt (4.1) 

where F : R 9 £ i— > F(t) G is a C°° function on K. given by 

^IW£) -•(*(£))■ 



Here, since 



we have 



F(t) = E h m U (^-) , X sm ) X s , (4.4) 



s=l \ 

so that we have the following correspondence: 



T e G 3L-} t) ^'(t) =J2h m W(t),X sm )X s 



s=l 



~ F(t) = LJ§X) e Q- (4.5) 



4.2 We first show that 

5a = -F'(t). (4.6) 

Proof. Indeed, we have 

*a = -{V^(a(e i ))-a(V ei e 1 )} 
= -ei(a(ei)) 
= -ei(F(t)) 



□ 
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Therefore, we have if) : (R, go) — > (G, h) is harmonic if and only if 

5a = F = 

a = X®dt (3 X eg) 

^ : R -> (G,h), geodesic, (4.7) 

since 

F(t) = eW(t)) = L m .- 1 V(t), (4.8) 

we have 

^'(*) = L^X, (4.9) 
for some IG J which yields that 

ip(t)=x exp(tX + y) 

for some Y G g. 

Therefore, any geodesic through ip(0) = x is given by 

il>(t) = x exp(tX + Y), (t G R) (4.10) 

/or some iGg and 7 6 0. 

On the other hand, we want to determine a biharmonic curve ip : 
(R,o ) -> (G,/i). By (4.6), we have 

6d5a=~(-F'(t)) = F^(t), (4.11) 



and 



Trace 9 [a, dSa] 



[F(t),F"(t)\, 

(4.12) 



so by (4.9), (4.10), and (3.16) in Corollary 3.5, ip : (R, g ) -> (G, /i) is 
biharmonic if and only if 

F( 3 )-[F(t),F'(t)] = 0. (4.13) 

By choosing a local coordinate on a neighborhood C/ around eeG 



as 



17 9 exp x i X ij ^ fai) ' • • > x n) e M ™> 
we may take as a local coordinate on x U around each x G G 



x 



U 3 x exp I Xj Xj ] i— > (xi, • • • , x n ) G R n . 



vi=l 
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Then, every C°° curve ip : R 3 t \— > ^(t) e G with ^(0) = x can be 
written locally by 



i/>(t) = x exp X *J > (* e K). 

Then, for (4.8), 

n 

F(t) = Y / h m ^'(t),X im X l ) (4.14) 
i=i 

since 

^W*"V'W =Y, h *MW(t),X i i(;(t))X ie e T e G. 

i=i (4.15) 

and for (4.15), 

%rV(t) = E^'( ( )^. ( 4 - 16 ) 

i=l 

so we have 

n 

F(t) = E>A*)*i- (4.17) 

i=i 

Thus, a G°° curve -0 : R 9 1 1— > ^(i) e G is biharmonic if and only if 

4 4) W- E^(*)xf(t)Cj. = (fc = l,...,n), 

*j=i (4.18) 

where we put = Sfc=iG^X fe . Therefore, if we put yfc(i) : = 

= I)''" (4-13) is reduced to the following third order 

ODE's: 

y ( k\t)- E ??(*) eg = (fc = i,-..,n). 

iJ=i (4.19) 
Thsu, we can summarize the above as follows: 

Theorem 4.1. (1) ^4 C°° curve ip : R 9 f i— > G (G, /i) harmonic 
if and only if xjj(t) = x exp(£ X + V) /or some X , Y e g. 

(2) ^4 G°° curve ^ : R 9 i i— > e (G, /i) «s biharmonic if and only 
if the ODE 's (4.18) or (4.19) hold. 



4.3 Now, we determine a biharmonic curve -0 : I 9 i h ^(t) £ 
(G, /i) when G = SU (2) with the biinvariant Riemannian metric h 
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which corresponds to the following Ad(S77(2))-invariant inner product 
(, ) on 

= su (2) = {X e M(2, C); X + *X = 0, Tr(X) = 0}. 
(X, Y) = -2Tr(Xy) (X, Y G su(2)). 

If we choose 

/v^T n \ / n l 



o \ „ / o ±\ „ / o 



then {Xl, X 2 , X 3 } is an orthonormal basis of (su(2), ( , )), and satisfies 
the Lie bracket relations: 

[Xi, X2] = X 3 , [X2, X3] = Xi, [X3, X\] = X-i- 

Thus, the ODE's (4.19) becomes 

(3) // // 

y\ = 2/22/3 - V3y 2 , 

yf = 2/3 y" - 2/1 y'l , ( 4 - 20 ) 

(3) // // 

,2/3 =2/12/2 - ?/2 2/i, 
which is equivalent to 

y (3) = y x y", (4.21) 

where y := \y 1: y 2 , yz) € M 3 , and a x b stands for the cross product in 
IR 3 . The ODE's (4.20) can be solved as follows. 

Let x(s) = \xi(s), x 2 (s), (s)) be a C°° curve in M 3 with arc length 
parameter s, and then 

y(s) = x'(s) = ei(s). 

Let {ei(s), e 2 (s), e 3 (s)} be the Frenet frame field along x(s). Recall 
the Frenet-Serret formula: 

= — /cei +re 3 
-re 2 

where r are the curvature, and torsion of x(s), respectively. Then, 
we have 

y' = te 2 

y" = — k 2 ei + «' e 2 + e 3 

y '" = Skk' ei + («" - /t 3 - /€T 2 ) e 2 + (2k't + «r') e 3 . ( 422 ) 
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Thus, (4.20) is equivalent to 

-3kk' e 1 + (k" - k 3 - kt 2 ) e 2 + (2/c'r + kt') e 3 
= ei x (— k 2 ei + «' e 2 + e 3 ) 
= -/tr e 2 + k e 3 

which is equivalent to 

-3kk = 



K — K — KT = —KT 



(4.23) 



(4.24) 



2KT + KT = K. 

Then, the only solution of (4.24) is 

k = Kq ^ 0, 
r = r , and 
k 2 = r (l - r ). 
The unique solution of (4.25) is given by 



(4.25) 



x(a) 



^i(s) N 
x 2 (s) 



/a 



cos 



a sin ■ 



(4.26) 



for some positive constant a > 0. Therefore, an arbitrary biharmonic 
curve ^ : (R, </ ) — * (SU(2), h) is given as follows: 



ip(s) = x exp Xi(s) Xi 



\i=l 



x y exp < a cos 



+ 



di Ii + a sin 



+ <k)xA y- 1 



(t: 



x y exp(a cos t X 1 + a sin t X 2 + t X 3 + X) 
= g ) 



+ d 2 )X 2 



(4.27) 



for some x, y G SU(2), a > 0, and X G su(2). 
Thus, we have 

Theorem 4.2. An arbitrary biharmonic curve if) : (R, go) — > (577(2), /i) 
is <jwen as (4-27). 
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5. BIHARMONIC MAPS FROM AN OPEN DOMAIN IN M 2 

In this section, we consider a biharmonic map tp : (K 2 ,<?) D f2 — > 
(G, /i). Here, we assume that G is a linear compact Lie group, i.e., G is 
a subgroup of the unitary group U(N)(c GL(N, C)) of degree iV with 
a bi-invariant Riemannian metric /i on G. Let g be the Lie algebra 
of G which is a Lie subalgebra of the Lie algebra u(A r ) of U(N). The 
Riemannian metric g on R 2 is a conformal metric which is given by 
g = /i 2 go with a C°° positive function /ionO and y — dx-dx + dy- dy, 
where (x,y) is the standard coordinate on R 2 . 

Let -0 : Q 3 (x, y) i— > ip(x,y) = (^-(x, y)) G C/(iV) a C°° map. Let 
us consider 



9-0 / dipij \ dip f diptj 



Then, 



dx \ dx J ' dy \ dy J 

are 0- valued C°° functions on f2. It is known that, for two given g- 
valued 1-forms A x and Aj, on f2, the exists a C°° mapping ip : Q — > G 
satisfying the equations (5.1) if the integrability condition holds: 

^-^ + [^1 = 0. (5.2) 

The pull back of the Maurer-Cartan form by ip is given by 

a := if;*6 = i\)~ x di\) 

= ip —dx + ip -z-dy 
dx dy 

= A x dx + A y dy, (5.3) 

which is a g-valued 1-form on Q. Then, we have the following well 
known facts: 

Lemma 5.1. 

^ a ^ { dx dx ) <9x dy ) } ^ ^ 

so i/ia£ ^ : (£l,g) — > (G, /i) zs harmonic i/ and on/y if 

5a = (5.6) 

£ + ^ = a (57) 
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Next, we calculate the Laplacian A g of (M?,g) with g = fi 2 go. We 
obtain 



2 a ( 92 

^." ' ! [i).v <).,-■' ^ l3 dx k 

i,j=l \ k=l 



2 a 



d 2 



= -v 



+ 



o 2 



dx 2 dy 2 



(5. 



Thus we have 



SdSa = Ag(Sa) 



= V 



dx 2 

' cP_ 
dx 2 

( d 2 



+ 



sr 

dy 2 
d 



\dx 

d 2 

+ 



dx I dy \ dy 



-H 



dy 2 ) 
d 2 

+ 



fi 



dA x dK 



+ 



dx dy 



dx 2 dy 



(5a). 



(5.9) 



On the other hand, by taking an orthonormal local frame field {ei, €2} 
of (R 2 , g), as e x = /i" 1 ^, e 2 = H~ l -§z, we have 



Trace 9 ([a, dSa\) = [a(ei),dSa(ei)] + [cefa), dSafa)] 



-/i 



fi 



-2 



d_ 

dx 
d 



A -d~x\^ 



dA x dK 



A ^yV 



dx 
dA x 



+ 



dy 
dK 



dx dy 

d d 
/i- 2 [A x , -^;(5a)] + n~ 2 [A y , —{5a) 



(5.10) 
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By (5.9) and (5.10), we obtain 

5d5a + Trace s ([a, d5a\) 

o ( d 2 d 2 



= -fi 



+ 



dx 2 dy 2 



(5a) 



d d 
+ fC 2 [A x , fa(5a)] + fi~ 2 [A y , —(5a)] 



-fi 



-2 



d 2 



d 2 



dx 2 dy 2 



(5a) 



-—[A x ,5a]-—[A y ,5a}\, (5.11) 



where in the last equation, we only notice that 



d d 
— [A x ,5a] + —[A y ,5a] 



d_ 

dx 



A x ,5a 



+ 



+ 



d_ 

dy 



A y , 5a 



+ 



A 







9 . d . . 
-K~A X + T^Ay, 5a 
ox ay 



V, 0y 
+ 



(5a) 



[—fx 5a, 5a] + 



A x ,^(Sa) 



+ 



+ 




A y ,^(5a) 



A y ,— (5a) 



A„^(5a) 



+ 



d_ 

dy' 



A y , —(5a) 



Thus, we have 

Theorem 5.2. Let g = /U~ 2 g be a conformal Riemannian metric of 
the standard metric g on an open subset Q of R 2 with a C°° positive 
function fi on Q, and (G, h), a compact linear Lie group with biinvari- 
ant Riemannian metric h. Then, 

(1) if) : (Q,g) — > (G, h) is harmonic if and only if 



5a = 







A x + 



d 



dx' x dy y 



0. 



(5.12) 
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(2) if; : (Q,g) — > (G, h) is biharmonic if and only if 

5d5a + Trace 9 ([a, d5a\) = (5.13) 

( d 2 d 2 \ d d 

+ — (6a) - ^-[A x , 5a] - — [A y , 5a] = 0, 



\dx 2 dy 2 J dx ' dy 

where 5a is the codifferential of a Q-valued 1-form a = A x dx + A y dy, 
A x = i)- 1 ^ and A y = V 1 ^, is given by 

5a = -^{lx A * + ly A v}- (5 ' 15) 

(3) Let us consider two Q-valued 1-forms (3 and 6 on Q, defined by 

(3 := [A x , 5a] dx + [A y , 5a] dy, (5.16) 
Q:=d5a-f3, (5.17) 

respectively. Then, if) : (Q, g) — > (G, h) is biharmonic if and only if 

50 = 0. (5.18) 

Proof. For (3), we only have to see (5.14) is equivalent to that 

= -A g (5a) + 5{3 
= -5(d5a - (3) 

= -5& (5.19) 



where 



:= d5a — (3 



d d 

— (5a) dx + —(5a) dy — [A x , 5a] dx — [A y , 5a] dy 

CJ Jb (J y 

( d i ra ] 

< — — (5a) — [A x , 5a] > dx + < —(5a) — [Ay, 5a] > dy. 



ox \ I ay 



(5.20) 
□ 



6. COMPLEXFICATION OF THE BIHARMONIC MAP EQUATION 

We use the complex coordinate z = x + iy (i = y/—T) in fl, and we 
put A z = \(A X — iA y ) and A- = \(A X + iA y ). Then, it is well known 
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that 

—A —A- - 1— A —a] 

dz dz 2 | dx dy y J ' 

~d~z A ~ z ~ m Az + [Az,A * ] = 2 {di Ay ~ d~ y Ax + [A ^ A y ] ] ' 

d d 1 / d d \ 

dz :Az + d~z A ^-2\dx~ Ax+ dy~ Ay l' 

and also 



a =A X dx + A y dy = A z dz + Aj dz, 

d 2 d 2 A d 2 



dx 2 dy 2 dzdz ' 

ia = -"" 2 (t x a * + H = - 2 "" 2 (I* + £*) • 

Then, the conditions (5.19) and (5.20) are equivalent to that 

50 = 0, (6.1) 

where 



(6.2) 



7. Determination of biharmonic maps 

We will determine all the biharmonic maps of (£l,g) into a compact 
Lie group (G, h) where g = fi~ 2 go with a positive C°° function on Q 
and h is a bi-invariant Riemannian metric on G. We divide three steps. 

( The first step) We solve first the harmonic map equation: 

f f (7-1) 
-— + =0. 

Then, there exists a harmonic map \I/ : (f2, (?) — > (G, /i) such that 

* to = * 
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( The second step) For two q- valued 1-forms B z and B- on Q satis- 
fying (7.1), we solve g- valued 1-forms A z and A- on f2 satisfying that 



d_ 

dz 



-2fi~ 



'dA 7 . dA- 



d_ 

dz 



dA z dA- z 



dz dz 



B z 



2 dA z 



+ 



dz d z J J 

_ 2 ( dA^ dA z 
\ dz dz 



(7.3) 



A-, -2ff 



B-, 



—HzA g + ^-A- + [A z , As] = 0. 
dz dz 

( The third step) Finally, for the above q- valued 1-forms A z and A z 
on fl satisfying (7.3) and a G G, there exists a C°° mapping ip : Q — > G 
satisfying that 



(7.4) 



Then, ^ : (f2,g) — > (G, /i) is a biharmonic map. Furthermore, we have 

Theorem 7.1. Every biharmonic map ip : (f2,g) — > (G,h) can be 
obtained in this way. Here, g = ii 2 go, ifj is a positive C°° function on 
Q, and g is the standard metric on 1R 2 . 



' il>(x ,y ) 


= a, 


< ^ Tz 


= A z , 


dz 


= A Z . 



Now, we introduce a loop group formulation for biharmonic maps. 
We first, consider a c -valued 1-forms 

Px = \{l ~ A) B z dz + 1(1 - A^ 1 ) B-dz (7.5) 

for a parameter X E S 1 , which satisfy that 

d(3 x + [P x A(3 x ]=0 (VAG5 1 ). (7.6) 
Next, we consider g c -valued 1-forms 

c£ = ±(l-v)A x dz + ±(l- v- 1 ) A-dz (7.7) 
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which satisfy that 



-(1-//) A z ,Sat 



= B 7 



B-, 



(7.8) 



da£ + [a*Aa*] = 0, 

for each i/£S' and A G S' 1 . Here, the codifferentiation 5 a x of is 
given by 







= -(1 - z/) — A 2 + -(1 - v- 1 ) —A- z 



dz 



dz 



(7.9) 



for v G S" 1 . Then, the mapping ^ : Q — > G satisfying that if) x *9 = a x 
is a biharmonic map (fi,<?) — > (G,h) where g = ft~ 2 go for a positive 
C°° function on f2. 
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